Abstract. The purpose of this paper is to give a simple geometric construction of ideals whose Castelnuovo-Mumford regularity is large compared to the generating degree. Moreover, our ideals have the property that the Castelnuovo-Mumford regularity is revealed as late in the resolution as desired.
Introduction
Let S = C[x 0 , x 1 , . . . , x n ] and let M be a finitely-generated graded S-module. We define the Castelnuovo-Mumford regularity of M , denoted reg (M ), to be the smallest number r so that each generator of the ith syzygy has degree at most i + r. As regularity governs the complexity of modules, there has been considerable interest in bounding and estimating the regularity of modules, particularly that of ideals.
For smooth projective varieties, the regularity of the defining ideal is bounded by the so called "complete intersection regularity." That is, for an ideal I generated in degree k with codimension N , a result of Bertram, Ein, and Lazarsfeld [4] shows that reg I ≤ N (k − 1) + 1, the expression on the right being the regularity of a complete intersection generated in degree k. However, for an arbitrary homogenous ideal, the situation is very different: the regularity can be doubly exponential in the number of variables, and polynomial in the generating degree. Specifically, if J ⊆ C[t 0 , . . . , t r ] is an ideal generated in degree k, Bayer and Mumford [1] observed that work of Giusti and Galligo leads to the bound reg (J) ≤ (2k) 2 r−1 .
It turns out that one can't do much better than this bound; in fact, Bayer and Stillman [2] showed that a construction of Mayr and Meyer [10] proves the following fact:
There exists an ideal I ⊆ C[t 0 , . . . , t r ] generated in degree k such that reg I ≥ (k − 2) 2 (r/10)−1 .
Caviglia [6] gave a much simpler construction of ideals with lower, yet still polynomial, regularity that grows in the generating degree k like k 2 . Chardin and Fall [7] gave examples of ideals in r + 3 variables with regularity growing like k r , where r generators are of degree k + 1, and two generators are of degree on the order of 2 r . Other than these constructions, there have been few examples of varieties with higher than complete intersection regularity, and the existing examples tend to be combinatorial and algebraic in nature. In this paper, we give a simple geometric construction that takes as input a module M and outputs an ideal J M with similar regularity and other homological properties. By applying our construction (detailed in §2) to pure modules, whose homological properties we can easily specify, we get a family of ideals whose regularity grows in the generating degree k like k (N −1)/(r−N ) , where N is the codimension of the zeroes of I.
Furthermore, this family of ideals has the property that the regularity is "revealed" late in the resolution. In order to make this notion precise, we give a few more important definitions. We define the graded Betti numbers of M to be
is the number of minimal generators of F i in degree j. We arrange the Betti numbers in the Betti table β(M ) as shown below.
Notice that in terms of the Betti numbers of M the Castelnuovo-Mumford regularity of M is reg M = max{j − i|β i,j (M ) = 0}. In other words, reg M measures the position of the lowest nonzero row of the graded Betti table. Similarly, set t i (M ) = max{j|β i.j (M ) = 0}. We call (t 0 (M ), t 1 (M ), . . .) the maximal degree sequence of M . Note that t i (M ) − i measures the position of the lowest nonzero entry in the ith column for each i. In particular, if the degree sequence is strictly increasing (e.g. if M is Cohen-Macaulay) and t r (M ) is the last nonzero entry, then reg (M ) = t r (M ) − r. As Jason McCullough [11] pointed out, the existing examples of ideals with high regularity have regularity governed by the first syzygy. That is, after t 1 (M ), the maximal degree sequence increases by one at each step. In this case, the Betti table has the following shape, where k is the generating degree, and the support of the Betti table is contained in the shaded region. 
reg(M)+1
k+1 By applying our construction to pure modules, we are able to find families of ideals that have high regularity (polynomial in the generating degree) that is revealed at the nth syzygy for any n. The example below is also presented in full detail in §3. Example 1.1. Let S := C[x 0 , x 1 , . . . , x n , y 1 , y 2 , . . . , y N ] be the homogeneous coordinate ring for P n+N , and X an n-plane given by the ideal I := (y 1 , y 2 , . . . , y N ) ⊆ S. Let M be a pure S/I-module with degree sequence
Then the Betti table of M has the following shape:
Under certain restrictions on the parameters N , k, and d, we can construct an ideal J M ⊆ S with maximal degree sequence
supported on X. Given the restrictions, as k increases, n and N held constant, the regularity of J M grows like k (N −1)/n , so that the Betti table has the following shape:
In order to illustrate the properties of these ideals described above, we can look at the shape of the Betti table for specific large values of k, n, N, and d. We can look at the above examples from a few different perspectives. First of all, as stated earlier, this gives a method of constructing examples of ideals with high regularity governed as late in the resolution as desired. In particular, the regularity is high even with respect to the degrees of the first syzygy, which answers a question raised by Huneke [8] and debunks the philosophy expressed in the same paper that the first syzygy contains most of the information about the regularity of an ideal. Second, as we will illustrate in the next section, the construction is simple and geometric, whereas earlier constructions are more combinatorial and algebraic.
The examples above are special cases of a general family of ideals, described in our main theorem: Theorem 1.3. Let X := P n , and consider a linear embedding X ⊆ P n+N =: Y . Define
to be the homogeneous coordinate ring of Y , and I := (y 1 , y 2 , . . . , y N ) ⊆ S the homogenous ideal defining X. Then X has homogeneous coordinate ring R := S/I, which we can think of as C[x 0 , x 1 , . . . , x n ]. Let M be a finitely generated graded R-module, generated in positive degrees, with strictly increasing maximal degree sequence (t 0 , t 1 , . . . , t r ), where r ≤ n + 1. Let k be the minimum degree of a minimal generator of M . Suppose
Then there exists an ideal J M ⊆ S supported on X such that J M has maximal degree sequence (t 1 , t 2 , . . . , t r , t r + 1, t r + 2, . . . , t r + N ).
In particular, reg J M = reg M + 1.
The General Ideal Construction
Before proving Theorem 1.3, we will give the construction of the ideal J M . Let M be a module satisfying the hypotheses of the theorem, and
a minimal graded free resolution of M . Define E := ker(F 0 → M ), as below:
0 By our hypotheses, we can write
Thus, we can find an inclusion of F 0 into the kth symmetric power of the conormal module of X in Y :
Thus, E ⊆ I k /I k+1 , so we get the following diagram:
. Now, we define J M to be the lift of I k , so that we have an exact sequence
The idea is that J M will share many homological properties with E, and thus with our original module M , as we will see in the proof below.
Proof of Theorem 1.3. By construction,
In order to find a resolution for J M , we must first resolve E and I k+1 . (t 1 , . . . , t r ) and (0, 1, . . . , N ), respectively. Since t r > · · · > t 1 > t 0 > 0, the maximal and minimal degree sequences of G • will be (t 1 , . . . , t r , t r + 1, t r + 2, . . . , t r + N ) and (t 1 , t 1 + 1, . . . , t 1 + N, t 2 + N, . . . , t r + N ), respectively, where minimal degree sequence is defined analogously to maximal degree sequence, replacing "max" with "min."
we get an ideal J M supported on the smaller projective space X with
Furthermore, the above inequality shows that d, and thus reg J M , grows in the generating degree k like ck (N −1)/n , where c is a constant.
Further Considerations
The example in §3 was a very specific application of the general construction. It may be interesting to apply the construction to other modules (possibly not pure) to see if the regularity would increase. Furthermore, we found ideals supported on linear spaces due to the ease of calculating the conormal module and resolving modules over a polynomial ring. It might be feasible to apply the construction to other projective varieties whose conormal modules are easily calculated -possibly other complete intersections or Segre varieties.
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